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- - - Abstract 
0\ ; 

. We investigate genericities of reticular Lagrangian maps and reticular Legendrian 

I maps in order to give generic classifications of caustics and wavefronts generated by 

f-^ • a hypersurface germ without or with a boundary in a smooth manifold. We also give 

D . simpler proofs of main results in [9].|10j. 

c/^ ; 

■ 

<N ; 1 Introduction 

O ■ La grangian and Legendrian singularities can be found in many problems of differential 

Q ■ geometry, calculus of variations and mathematical physics. One of the most successful their 
r-| ! applications are the study of singularities of caustics and wavefronts. For example, the 
d ', particles incident along geodesies from a smooth hypersurface in a Riemannian manifold to 
^ I conormal directions define a Lagrangian submanifold at a point in the cotangent bundle and 
define a Legendrian submanifolds at a point in the 1-jet bundle. The caustic generated by the 
I ■ hypersurface is regarded as the caustic of the Lagrangian map defined by the restriction of the 
^ ! cotangent bundle projection to the Lagrangian submanifold and the wavefront generated by 
i/^ ', the hypersurface is regarded as the wavefront of the Legendrian map defined by the restriction 
^ I of the 1-jet bundle projection to the Legendrian submanifold. Therefore the studies of the 
caustics and wavefronts generated by smooth hypersurfaces are reduced to the studies of 
Q ■ Lagrangian and Legendrian singularities. 

On . In [9] and [10] we investigated the more general cases when the hypersurface has a bound- 

^ i ary, a corner, or an r-corner. In these cases particles incident from each edge of the hyper- 
I surface gives a symplectic regular r -cubic configuration at a point of the cotangent bundle 
^ ' which is a generalisation of the notion of Lagrangian submanifolds and particles incident 

■ from each edge of the hypersurface gives a contact regular r -cubic configuration at a point 
of the 1-jet bundle which is a generalisation of the notion of Legendrian submanifolds. The 
caustic generated by the hypersurface germ with an r-corner is given by the caustic of the 
symplectic regular r-cubic configuration which is a generalisation of the notion of quasi- 
caustics given by S.Janeszko (cf., [6]). In these papers we investigated the stabilities of 
caustics and wavefronts generated by the hypersurface with an r-corner by studying the 
stabilities of reticular Lagrangian, Legendrian maps which are generalisations of the notions 
of Lagrangian, Legendrian maps for our situations. 

In this paper, we investigate the genericities of caustics and wavefronts generated by a 
hypersurface with an r-corner. In order to realize this purpose, we shall investigate the gener- 
icities of reticular Lagrangian, Legendrian maps. In these processes, we shall need to prove 
that the stabilities and the transversally stabilities of reticular Lagrangian, Legendrian maps 
are equivalent respectively. These proofs are simpler than that of the assertions (l)-v^(5) of 
Theorem 5.5 in [9l p. 587] and Theorem 7.4 in [TOl p. 123] respectively. 
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The main results in this paper are generic classification of caustics generated by the 
hypersurface with an r-corner on an n dimensional manifold in the cases n < 5,r = and 
n < 3,r = 1 and a generic classification of wavefronts generated by the hypersurface with 
an r-corner on an n dimensional manifold in the cases n < 6,r = and n < 4, r = 1. In 
order to realize this, we shall classify generic reticular Lagrangian, Legendrian maps for the 
above cases. 

By our theory, we have that: A generic caustics is one of the types y42, v4^, A4, A^, Ag, 
-D^, -DJ, Dq, Eq in the case n < 5, r = and B^, B^, Bf, C^, Cf, in the case n < 3, r = 
1. A generic wavefront is one of the types Ai, A2, A3, A4, A4, Aq, D^, D5, D^, Eq in the case 
n < 6, r = and B2, -B3, -B4, C^, C4, F4 in the case n < 4, r = 1. 




Figure 1: the caustic F^ and the wavefront C3 

This paper consists of three parts. In Part I, we recall stabilities of unfoldings under 
the equivalence relations reticular V -TZ^ -equivalence and reticular V -JC- equivalence. They 
work as the equivalence relations of generating families of reticular Lagrangian, Legendrian 
maps respectively. In part [TTl and IIIII we recall that the equivalence relations of reticular 
Lagrangian, Legendrian maps are reduced to that of their generating families. In part IIVI 
we shall study that the genericities of reticular Lagrangian, Legendrian maps are reduced to 
that of their generating families. 

Part I 

Stability of unfoldings 

2 Preliminaries 

Let = {(xi, . . . , Xr) G M''|xi > 0, . . . , Xr- > 0} be an r-corner. We denote by S{r; ki, r; 
the set of all germs at in H'' x R'^^ of smooth maps x ^ IF x R'^'^ and set 
a7l(r;fci,r;fc2) = {/ G £{r; ki,r; k2)\fi0) = 0}. We denote £{r;ki,k2) for £{r;ki,0;k2) and 
denote OJl(r; ki, /C2) for 9Jl(r; ki, 0; ^2). 
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If /c2 = 1 we write simply £{r] k) for £{r] k, 1) and 9Jl(r; k) for 3Jt(r; k, 1). We also write 
S{k) for 6^(0; /c) and DJl{k) for 93T(0; /c). Then £{r; k) is an M-algebra in the usual way and 
9Jt(r; k) is its unique maximal ideal. 

Let Jr = {1, 2, . . . , r} and (x, = (xi, . . . , x^, . . . , Uk) be a fixed coordinate system of 
{W X M^0). We denote by B{r- k) the group of diffeomorphism germs on {W x M*^, 0) of 
the form: 

</)(x, y) = (xi</)}(x, y), . . . , y), 02(x, y), . . . , ^al^^^ 2/))- 

We also denote by yB„(r; /c + ra) the group of diffeomorphism germs on [W x M'""+'", 0) of the 
form: 

0(x, y, u) = (xi</)}(x, y, u), . . . , x^0i(x, u), (f)l{x, y,u),..., 02(x, y, u), (j)l{u), (u)). 

We denote J\r + k, 1) the set of Z-jets at of germs in 3Jl(r; k) and let tt; : 3Jl(r; A;) — > 
J^(r + k, 1) be the natural projection. We denote j^/(0) the /-jet of / G 97l(r; /c). We also 
denote (j){x,y,u) = {x(f)i{x,y,u), (j)2{x,y,u), (j)3{u)) and denote other notations analogously. 
In this paper all maps and all map germs are supposed to be smoothly. 



3 Reticular P-7^^-stability of unfoldings 

We recall the stabilities of unfoldings under the reticular TZ~^ -equivalence which is developed 
in [9j. In order to distinguish equivalence relations between function germs in 3Jl(r; k) and 
their unfoldings, we denote this equivalence relation by the reticular V -TZ'^ -equivalence in 
this paper. 

We say that f,g& £{r; k) are reticular IZ-equivalent if there exists G i3(r; k) such that 
9 = f °<P- 

We say that function germs /(x, yi, . . . , ykj G 97t(r; kiY and g{x, yi, . . . , ^/^J G 27t(r; k2)^ 
are stably reticular TZ-equivalent if / and g are reticular 7?.-equivalent after additions of non- 
degenerate quadratic forms in the variables y. 

We say that a function germ / G OJt(r; k) is reticular TZ-l -determined if all function germ 
which has the same /-jet of / is reticular 7^-equivalent to /. 

Lemma 3.1 (cf., P Lemma 4.2]) Let f{x,y) G njt(r; k) and let 

m{r- ky+' C m{r; k){{x,^, . . . + 9Jl(r; . . . , |^)) + 9Jl(r; 

dxi dxr dyi dyu 

then f is reticular TZ-l -determined. Conversely if f{x, y) G 9H(r; k) he reticular TZ-l -determined, 
then 

a„(,,, c . . . , .„|i).,„ + nr: *^)(^. ■ ■ ■ . f )■ 

We denote x|^ for (xi^, . . . , Xr)-P- and |^ for . . . , and denote other notations 

ox ^ ^ axi ' Til (jxr ay ^ oyi ' ' ayk ' ' 

analogously. 

Let -F(x, y, u) G 9Jt(r; k + ni), G(x, m, v) G 2)T(r; + 77,2) be unfoldings of / G 9Jt(r; A;). 
We say that G is reticular V -TZ~^ -f -induced from F if there exist $ G DJl{r; k + n2, r; /c + Ui) 
and a G 0Jt(?7,2) satisfying the following conditions: 
(1) $(x, y, 0) = (x, y, 0) for all (x, y) G (H*" x 0), 
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(2) $ can be written in the form: y, v) = {x(j)i{x, y, v), 4>2{x, y, v), 03(f)), 

(3) G{x, y,v) = Fo $(x, y, v) + a{v) for all {x, y, v) e (H^ x ^^=+"2, 0). 

We say that F^G G £(r; k + n) are reticular V -TZ^'^'' -equivalent if there exist $ G i3„,(r; k + 
n) (and a G S{n)) such that G = Fo $(+q;). We call ($, a) a reticular P-7^(+) -isomorphism 
from F to G. 

Definition 3.2 Here we recall the definitions of several stabilities of unfoldings under the 
reticular P-7^+-equivalence. Let F{x,y,u) G DJl{r;k + n) be an unfolding of f{x,y) G 
m{r;k). 

We say that F is reticular V-TZ^ -stable if the following condition holds: For any neigh- 
bourhood ?7 of in '^^+^+^ and any representative F G C°°{U, M) of F, there exists a neigh- 
bourhood A?"^ of F in C°°-topology such that for any element G G A''^ the germ G\^ry^]^k+n 
at {0,yo,Uo) is reticular "P- 7^+ -equivalent to F for some (0,?/o7'Wo) ^ U. 

We say that F is reticular V-TZ^ -versal if all unfolding of / is reticular P-T^"*"- /-induced 
from F. 

We say that F is reticular V -7Z~^ -infinitesimally versal if 

, df df\ , dF, ^ 



We say that F is reticular V -TZ^ -infinitesimally stable if 

£(r; /c + n) = (x— , + (1, ^)f(n). 



We say that F is reticular V -TZ^ -homotopically stable if for any smooth path-germ 
(M, 0) S{r;k + n),t ^—>- Ft with Fq = F, there exists a smooth path-germ (M, 0) 
Bn{r; k + n) X £{n),t i— > ($f , at) with ($0, «o) = {'id, 0) such that each ($f, Of) is a reticular 
'P-7?."'"-isomorphism from F to Ft, that is Ff = F o -|- for t around 0. 

Theorem 3.3 (cf., P Theorem 4.5]) Let F G Tl{r; k + n) be an unfolding of f e Tl{r; k). 
Then the following are equivalent. 

(1) F is reticular V-TZ^ -stable. 

(2) F is reticular V -TZ^ -versal. 

(3) F is reticular V -TZ^ -infinitesimally versal. 

(4) F is reticular V -TZ^ -infinitesimally stable. 

(5) F is reticular V -TZ^ -homotopically stable. 

For a function germ /(x, y) G 9Jl(r; /c), if 1, ai, . . . , a„ G £^(r; /c) is a representative of a 
basis of the vector space 

£(r;fc)/(x— ,— 

then the function germ / -|- a\U\ + ■ ■ ■ -|- a„f „ G 2Jt(r; k + n) is a reticular "P-T^^-stable 
unfolding of /. We call n the reticular T^-^-codimension of /. 
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We call a function germ / G 3Jt(r; k) is TZ-simple if the following holds: For a sufficiently 
higher integer /, there exists a neighbourhood of ^/(O) in J\r+k, 1) such that intersects 
finite 7^-orbits. By §17.4[l3 p. 279] we have that: 

Theorem 3.4 An TZ-simple function germ in 3Jt(l; k)"^ is stably TZ-equivalent to one of the 
following function germ: 

Bf : ±x' (/ > 2), Cj^ ■.xy±y^{l> 3), : ix^ + y\ 



4 Reticular P-/C-stability of unfoldings 

We recall the stabilities of unfoldings under the reticular }C- equivalence which is developed 
in [To]. In this paper we denote this equivalence relation by the reticular V -JC-equivalence. 

We say that f,g& S{r] k) are reticular IC-equivalent if there exist cf) G B{r\ k) and a unit 
a G £{r; k) such that g = a ■ f o (p. 

We say that function germs /(x, yi, . . . , yk^) G 5[)T(r; kiY and g{x, yi, . . . , ykz) G 07l(r; A;2)^ 
are stably reticular K,-equivalent if / and g are reticular /C-equivalent after additions of non- 
degenerate quadratic forms in the variables y. 

We say that a function germ / G 07l(r; k) is reticular K, -I -determined if all function 
germ which has the same /-jet of / is reticular /C-equivalent to /. 

Lemma 4.1 (cf., [IDl Lemma 6.2]) Let f{x,y) G 9Jl(r; A;) and /et 

m{r; kY^' C 07l(r; x^) + m{r- k){^)) + m{r- kY^\ 

then f is reticular JC-l- determined. Conversely if f{x,y) G 9Jl(r; A;) be reticular IC -I- deter- 
mined, then 

m{r-ky^'c{f,x^Ur;,^ + m{r-k){^). 

Let F{x, y, u) G Tl{r; k + ni), G{x, y, v) G Tl{r; k + n2) be unfoldings of /(x, y) G 9Jt(r; /c). 
We say that G is reticular V-JC-f -induced from F if there exist $ G 07l(r; + n2, r;k + ni) 
and « G S{r; k + ^2) satisfying the following conditions: 

(1) y, 0) = (x, 0) and a{x, y, 0) = 1 for all {x, y) G (H^ x 0), 

(2) $ can be written in the form: y, v) = {x(j)i{x, y, v), (j)2{x, y, v), (^^{v)), 

(3) G{x, y, v) = a{x, y,v) ■ F o y, v) for all (x, y, v) G {W x M'=+"^ 0) 

We say that F,G ^ £{r\ k + n) are reticular V -IC-equivalent ii there exist $ G -B„(r; fc + n) 
and a unit a G S{r] k+n) such that G = a-Fo(^. We call a) a reticular P-/C-isomorphism 
from F to G. 

Definition 4.2 Here we recall the definitions of several stabilities of unfoldings under the 
reticular P-/C-equivalence. Let F{x, y, u) G 9Jl(r; k + n) be an unfolding of /(x, y) G OJt(r; A;). 

We say that F is reticular V-lC-stable if the following condition holds: For any neigh- 
bourhood [/ of in and any representative F G G°°{U, M) of F, there exists a neigh- 
bourhood Np of F in C°°-topology such that for any element G G Np the germ G\^ry^]^k+n 
at (0,?/0)^o) is reticular "P-ZC-equivalent to F for some (0,|/o,uo) G t/. 
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We say that F is reticular V-IC-versal if all unfolding of / is reticular "P-ZC-Z-induced 
from F. 

We say that F is reticular V -IC-infinitesimally versal if 

We say that F is reticular V -IC-infinitesimally stable if 

dF dF dF 

£{r- k + n) = {F,X — , ^)£(r;fc+n) + {-Q^)£{n)- 

We say that F is reticular V -IC-homotopically stable if for any smooth path-germ 
(M, 0) S{r;k + n),t i— Ft with Fq = F, there exists a smooth path-germ (M, 0) — ^ 
Bn{r;k + n) x S{r; k + n),t H-i> ($^,0;^) with ($o,ao) = {id,l) such that each ($^,04) is a 
reticular "P-ZC-isomorphism from F to Ft, that is = ■ F o <|>j for t around 0. 

Theorem 4.3 (cf., [TU], Theorem 6.5]) Let F G 9Jt(r; /c + n) 6e an unfolding of f E £DT(r; /c). 
Then the following are equivalent. 

(1) F is reticular V-lC-stable. 

(2) F is reticular V-IC-versal. 

(3) F is reticular V -IC-infinitesimally versal. 

(4) F is reticular V -IC-infinitesimally stable. 

(5) F is reticular V -JC-homotopically stable. 



For a function germ /(x, y) G 07l(r; /c), if ai, . . . , a„ G £'(r; A;) is a representative of a basis 
of the vector space 

dx^ dy' 

then the function germ f-\-aiUi + - ■ ■ + anUn G 2)t(r; k + n) is a reticular P-/C-stable unfolding 
of /. We call n the reticular /C-codimension of /. 



S{r; k) / {f, X — , —)£^r;k), 



We call a function germ / G 9Jl(r; /c) is IC-simple if the following holds: For a sufficiently 
higher integer /, there exists a neighbourhood TV of j'/(0) in J^{r+k, 1) such that intersects 
finite /C-orbits. 

Theorem 4.4 A K-simple function germ in 971(1; kY is stably IC- equivalent to one of the 
following function germ: 

Br.x^{l>2), -.xy + ey^ {£^~^ = l,l>3), F^-.x'^ + y^. 



Part II 

Reticular Lagrangian maps 

5 Symplectic regular r-cubic configurations 

Let = {qi, . . . ,qn,pi, . . . ,Pn) be a canonical coordinate system of (T*R"',0) and 

TT : (T*]R", 0) — > (M*^, 0) be the cotangent bundle equipped with the canonical symplectic 
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structure dp A dq. We define 

Ll = e (r*R", 0)|g^ = = = ■ ■ • = g„ = 0, > 0} 

for cr C Jr. 

Definition 5.1 Let {L„}^qj^ be a family of 2*" Lagrangian submanifold germs on (T*M", 0). 
Tlien {L„}^Qj^ is called a symplectic regular r-cubic configuration if there exists a symplectic 
diffeomorphism germ S on (T*]R", 0) such that L„ = for all a C J^- 



6 Reticular Lagrangian maps and their generating 
families 

We introduce a main result in [5] about the relations of reticular Lagrangian maps and 
their generating families. 

Let L = {{q,p) G T*W\qipi = ■■■ = q^p^ = q^^^ = . . . = = Q, g/^ > 0} be the 
representative as a germ of the union of for a G Ir. We call a map germ 

(L,0) ^ {T*W,0) ^ (M",0) 

a reticular Lagrangian map if there exists a symplectic diffeomorphism germ S on (T*]R", 0) 
such that i = S\i^. We call i the reticular Lagrangian embedding of tt o z. We call S an 
extension of i and call {i(L°)}o-c/r the symplectic regular r-cubic configuration associated 
with n o i. 

Caustics: Let vr o i be a reticular Lagrangian map. Let Ca be the caustic of the 
Lagrangian map ir o 2|^o for a C Ir, that is, the set of critical values of vr o i\]^o. Let 
Q^^ = vr o n L°) for a 7^ r C Ir- We define the caustic of tt o i by 

U a u u Q.,.. 

We remark that for Ti,T2 C /,. (ti ^ T2) we have Qn.Ta C Qa,ayj{i}, where cr = ri fl r2 and i 
be any element of {ji — cr) U {t2 — cr). This means that IJo-^r equal to the union of 

Qo-,T for cr C r C J^, #(r — cr) = L For example, in the case r = 2 we have 



3,1 U (^0,2 U Ql,{l,2} U <52,{1,2}- 



A function germ -F(x, g) G 5[)T^(r; /c + n) is called S -non- degenerate if 



dF dF 



dF 



dxi dxr oyi dyk 
are independent on (tf x M'^+'^,0), that is 

/ d^ fF^ \ 

rank = r + fc. 



\ dydu / 
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Definition 6.1 Let {Lo-jo-c/r be a symplectic regular r-cubic configuration in (r*]R", 0) and 
F{x, y, q) G 3Jt(r; k + n)^ be a function germ. We call F a generating family of {La-}a(zir if 
the following conditions hold: 

(1) F is S'-non-degenerate, 

(2) F 1 2-^=0 is a generating family of L^j for a G Ir, that is 

dq oxi^^^ dy 

We also call F a generating family of a reticular Lagrangian map vr o z if F is a generating 
family of the symplectic regular r-cubic configuration {i{L'^)}„Qj^. 

We call a symplectic diffeomorphism germ on (T*]R", 0) a reticular diffeomorphism if 
= L° for (J C Ir- We say that reticular Lagrangian maps vr o ii,7r o ^2 : (L, 0) — 
(T*M", 0) ^ (M", 0) are Lagrangian equivalent if there exist a reticular diffeomorphism 
and a Lagrangian equivalence of vr such that the following diagram is commutative: 

(L,0) ^ (T*M",0) ^ (M",0) 

(L,0) ^ (T*M",0) ^ (M",0), 

where is the diffeomorphism of the base space of vr induced from B. 

We remark that there is not the condition that a reticular diffeomorphism is a symplectic 
diffeomorphism in the definition in [9] . But a reticular diffeomorphism defined in [9] consists 
of a restriction to L of compositions of two symplectic diffeomorphism and a Lagrangian 
equivalence, it follows that a reticular diffeomorphism in [9] is automatically a restriction to 
L of symplectic diffeomorphism. So our definition is equivalent to that in [Hj. 

We say that function germs F{x, yi, . . . , yu^, q) G !Dt(r; ki + n) and yi, . . . , yu^, q) G 
9Jl(r; k2 + n) are stably reticular V -TZ^ -equivalent if F and G are reticular P-7?.~'"-equivalent 
after additions of non-degenerate quadratic forms in the variables y. 

Theorem 6.2 (cf., [9l Theorem 3.2]) (1) For any reticular Lagrangian map ttoz, there exists 
a function germ F G 9Jl(r; k + n)'^ which is a generating family of n o i. 

(2) For any S-non-degenerate function germ F G 9Jl(r; k + n)"^, there exists a reticular 
Lagrangian map of which F is a generating family. 

(3) Two reticular Lagrangian maps are Lagrangian equivalent if and only if their generating 
families are stably reticular V-7l~^ -equivalent. 



7 Stabilities of reticular Lagrangian maps 

We introduce several stabilities of reticular Lagrangian maps: 
Stability: For any open set U in T*]R", we denote S{U,T*W^) the space of symplectic 
embeddings from U to T*]R" with C°°-topology. We say that a reticular Lagrangian map 
■Koi: (L°, 0) (T*R", 0)^^ (M", 0) is stable if the following holds: For any extension S of 
i and any representative S G S{U, T*]R") of S, there exists a neighbourhood A^^ of S such 
that for any S' G A^^ the reticular Lagrangian maps vr o iS^^Jl" ^-^d n o i are Lagrangian 
equivalent for some Wq = {0, . . . , 0,p°_,_]^, . . . , G U, where the symplectic diffeomorphism 



8 



germ S'^^ on (T*R", 0) is defined hj w S'{w + wq) — S'{wo). 

Homotopically stability: Let iroi : (L, 0) (T*M'", 0) (M", 0) be a reticular Lagrangian 
map. A one-parameter family of symplectic diffeomorphisms S : (T*M'^ x M, (0,0)) — > 
(T*M", 0)((Q, P, t) I— s> St{Q, P)) is called a reticular Lagrangian deformation of i if S'o|l = "^o- 
Let be a reticular diffeomorphism on (T*M"',0). A map germ : (T*]R" x M, (0,0)) 
(T*M", 0)(((5, -P, t) I— ^ (f)t{Q,P)) is called a one-parameter deformation of reticular diffeo- 
morphisms of if 00 = and 0( is a reticular diffeomorphism for t around 0. We say that 
a reticular Lagrangian map ir o i : (L, 0) — > (T*M", 0) — > (M", 0) is homotopically stable 
if for any reticular Lagrangian deformation S = {St} of i , there exists a one-parameter 
deformation of reticular diffeomorphisms = {(pt} of idx'M." and a one-parameter family of 
Lagrangian equivalences 6 = {6t} of vr with Gq = idT*w^ such that = Ot o 5*0 o 0^ for t 
around 0. 

Infinitesimally stability: Let S* be a symplectic diffeomorphism on (T*M", 0). We say that 
a vector field v on (T*M", 0) along 5* is an infinitesimal symplectic transformation of S if there 
exists a reticular Lagrangian deformation S = {St} such that Sq = S and ^|t=o = ^- We 
say that a vector field ^ on (T*]R", 0) is an infinitesimally reticular diffeomorphism if there 
exists a one-parameter deformation of reticular diffeomorphisms = {0t} of idT*m." such 
that ^|t=o = i- We say that a vector field rj on (T*M"', 0) is an infinitesimally Lagrangian 
equivalence if there exists a one-parameter family of Lagrangian equivalences G = 
of vr such that Bq = idT*m." and ^|f=o = We say that a reticular Lagrangian map 
n o i : (L, 0) ^ (T*]R", 0) (M", 0) is infinitesimally stable if for any extension S* of z and 
any infinitesimally symplectic transformation v of S, there exists an infinitesimally reticular 
diffeomorphism ^ and an infinitesimally Lagrange equivalence rj such that v = S^^ -\- r] o S. 

We say that a function germ H on (T*M", 0) is /i&er preserving if if has the form H{q, p) = 
Y^]=ihj{q)Pj + ho{q). 

We recall the following theorem which is proved in [H]. 

Theorem 7.1 (cf., P p.587 Theorem 5.5]) Let n o i : (L, 0) (T*M",0) ^ (M",0) fee 
a reticular Lagrangian map with a generating family F{x,y,q) e 9Jt(r; k -\- nY . Then the 
following are equivalent. 

(u) F is a reticular TZ~^- stable unfolding of F\q=Q. 
(hs) IT o i is homotopically stable. 
(is) 71 o i is infinitesimally stable. 

(a) For any function germ f on (T*]R",0), there exists a fiber preserving function germ H 
on {T*W\ 0) such that f oi = H oi. 
(s) Ti oi is stable. 

The definition of the infinitesimally stability of reticular Lagrangian maps in [H] seem 
to be different from our one. But these are equivalent by Lemma 112.11 The assertion that 
(u), (hs),(is) and (a) are all equivalent is proved in [9]. But the proof of (u)-v^(s) is slightly 
complicated. So we shall prove this assertion by another way in Section [121 
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Part III 

Reticular Legendrian maps 



8 Contact regular r-cubic configurations 

Let Ji(M",M) be the 1-jet bundle of functions in n-variables which may be considered 
as M^""*"^ with a natural coordinate system (g, z,p) = (gi, . . . ,qn, z,pi, . . . ,Pn), where q is 
a coordinate system of M"". We equip the contact structure on J-^(M"',]R) defined by the 
canonical 1-form 6 = dz — Y2"^-^pjdqj. We have a natural projection tt : J^(M", R) — x M 
by 7f(g,2,p) = {q,z). 

Let LO = {(g, z,p) e (Ji(M", M), 0)|g, = = g,+i = ■ ■ ■ = q^ = z = 0, qj^^^ > 0} for 

each a <Z Ir- 

Definition 8.1 Let {Lo-jcrc/r be a family of 2^ Legendrian submanifold germs on (J^(]R"', R), 
0). Then {Lo-jo-c/,- is called a contact regular r- cubic configuration if there exists a contact 
diffeomorphism germ C on ( J^(R", R), 0) such that L„ = C{L^) for all a C 



9 Reticular Legendrian maps and their generating 
families 



We introduce a main result in [TO] about the relations of reticular Legendrian maps and 
their generating families. 



Let L = {{q,z,p) G J^(R", R)|gipi = -j ■ = qrPr = Qr+i = ■ ■ ■ = = ^ = 0, g/^ > 0} be a 
representative as a germ of the union of L° for all a G Ir- We call a map germ 

(L,0) ^ (J^(R",R),0) ^ (R" X R,0) 

a reticular Legendrian map if there exists a contact diffeomorphism germ C on (J^(R", R), 0) 
such that i = C\f^. We call i the reticular Legendrian embedding ofnoi. 

Wavefronts: Let tt o z be a reticular Legendrian map. We define the wavefront of vf o z 
by the union of tt o for all a C Ir- 

A function germ F{xi, - - - ,Xr,yi, - - - ,yk,qi, - - - , qn, z) G 5[)T(r; /c + n + 1) is called C-non- 
£(0) = f' 



degenerate if |^(0) = ^(0) = and 



Xi, 



dF 
dxi ' 

are independent on (H'' x R'^+'^+^jO), that is 

/ OF dF 

dy dq 

d2p Q2p 



rank 



dF dF 

dxr' dyi 



dF \ 

dz 
d^F 



dF 
dyk 



dxdy dxdq dxdz 
d^F d^F d^F 

\ dydy dydq dydz I 



r + A; + 1. 
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Definition 9.1 Let {Lcr}crcir be a contact regular r-cubic configuration in ( J^(M", M), 0). 
Then a function germ F{x, y, q, z) G 07l(r ; k + n + 1) is called a generating family of {Lo-}o-c/r 
if the following conditions hold: 

(1) F is C-non- degenerate, 

(2) For each a C Ir, the function germ F\x^=q is a generating family of L„, that is 

8F 8F BF BF 

L. = {{q,z, ^/(-^)) e (Ji(M",M), 0)1 X. = ^ = 5^ = ^ = 0'^^'- ^ 

We also call a function germ F a generating family of a reticular Legendrian map vr o i if F 
is a generating family of the contact regular r-cubic configuration {z(L°)}o-c/r- 

We call a contact diffeomorphism germ </> on ( J-'^(M'", M), 0) a reticular dijjeomorphism 
if = for cr C We say that reticular Legendrian maps tt o ii^jt o i2 : (L, 0) 

( J^(M", M), 0) (M" X M, 0) are Legendrian equivalent if there exist a reticular diffeomor- 
phism and a Legendrian equivalence B of vr such that the following diagram is commutative: 

(L,0) ^ (J^(R",M),0) ^ (M"xM,0) 

(L,0) (J^(M",M),0) ^ (M"xM,0), 

where g is the diffeomorphism of the base space of vr induced from B. 

As after the definition of a reticular diffeomorphism in the previous part, our definition 
of a reticular diffeomorphism and that in [10] are equivalent. 

We say that function germs F(x, yi, . . . , y^^, q, z) G 07l(r; ki + n+1) and F{x, yi, . . . , y^^, 
q, z) G 07t(r; ^2 + n + 1) are stably reticular V-fC- equivalent if F and G are reticular P-/C- 
equivalent after additions of non-degenerate quadratic forms in the variables y. 

Theorem 9.2 (cf., [lOl Theorem 5.6]) (1) For any reticular Legendrian map vr o there 
exists a function germ F G 9Jl(r; k + n + 1) which is a generating family of n o i. 

(2) For any C-non- degenerate function germ F G 97l(r; k + n + 1), there exists a reticular 
Legendrian map of which F is a generating family. 

(3) Two reticular Legendrian maps are Legendrian equivalent if and only if their generating 
families are stably reticular V-IC- equivalent. 



10 Stabilities of reticular Legendrian maps 

We introduce several stabilities of reticular Legendrian maps: 
Stability: For any open set U in J^(M",]R), we denote C{U, J^(W^,'K)) the space of con- 
tact embeddings from U to J^(M",M) with C°°-topology. We say that a reticular Legen- 
drian map TT oi : (L, 0) (J^(M",M),0) (M" x^M,0) is stable if the following holds: 
For any extension C of i and any representative C G C(t/, J^(M"', M)) of C, there ex- 
ists a neighbourhood A'^^ of C such that for any C G N(j the reticular Legendrian maps 
n o C'^Ji and n o i are Legendrian equivalent for some Wq = (0, . . . , 0,p°_,_]^, . . . ,p°) G U, 
where the contact diffeomorphism germ C'^^ on (J^(M",M),0) is chosen that the reticular 
Legendrian maps n o C'\i : (L,wo) {J\R'',R),C'{wo)) (M" x M, o C'{wo)) and 
% o C' \i : (L, 0) (J^(M", M), 0) ^ (M" x M, 0) are Legendrian equivalent. 
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Homotopically stability: Let vr o i : (L, 0) (J^(M", M),0) (M" x M, 0) be a reticular 
Legendrian map. A one-parameter family of contact diffeomorphism germs C : ( J^(M"', M) x 
M, (0,0)) (J^(M",M),0)((Q,Z,P,t) ^ CtiQ,Z,P)) is called a reticular Legendrian de- 
formation of i if CqIl = "^^ Let be a reticular diffeomorphism on (J^(M", M), 0). A map 
germ : (Ji(M",M) x M, (0,0)) ^ ( Ji(M", M), 0)((g, Z, P, t) ^ 0t(Q,Z,P)) is called a 
one-parameter deformation of reticular diffeomorphisms of if 0o = and 0j is a reticular 
diffeomorphism for t around 0. We say that a reticular Legendrian map n o i : (L, 0) — >■ 
( J^(M'", M), 0) (M" X M, 0) is homotopically stable if for any reticular Legendrian deforma- 
tion C = {Ct} of i, there exists a one-parameter deformation of reticular diffeomorphisms 
= {0t} of i(iji(R",R) such that Ct = Qt ° Co ° 0t for t around 0. 

Infinitesimally stability: Let C be a contact diffeomorphism germ on (J^(M", M), 0). We 
say that a vector field v on ( J^(M", M), 0) along C is infinitesimal contact transformation if 
there exists a reticular Legendrian deformation C = {Ct} on ( J^(M", M), 0) such that Cq = C 
and ^\t=o = 'v. We say that a vector field C, on ( J-'^(M"', M), 0) is infinitesimally reticular 
diffeomorphism if there exists a one-parameter deformation of reticular diffeomorphisms 
= {0t} of ^(iJl(Rn,M) such that ^|t=o = ^- We say that a vector field 77 on ( J^(M"', M), 0) is 
infinitesimally Legendrian equivalence if there exists a one-parameter family of Legendrian 
equivalences 6 = {6^} on tt such that 60 = '^c?ji(m",r) and ^|t=o = V- We say that a retic- 
ular Legendrian map n o i : (L, 0) — > ( J^(]R", ffi), 0) — > (M" x M, 0) is infinitesimally stable if 
for any extension C of i and any infinitesimally contact transformation v of C, there exists 
an infinitesimally reticular diffeomorphism ^ and an infinitesimally Legendrian equivalence 
rj such that v = C*^ -|- 77 o C. 

We say that a function germ H on (J^(]R", R), 0) is fiber preserving if if has the form 
H{q,z,p) = T.%ihj{q,z)pj + ho{q,z). 

Theorem 10.1 (cf., [lOl p. 123 Theorem 7.4]) Let tt o i : (L, 0) (Ji(M",M),0) (M" x 

M, 0) &e a reticular Legendrian map with a generating family F[x, y, q, z) G 9Jl(r; k + n + l). 

Then the following are equivalent. 

(u) F is a reticular V -K,- stable unfolding of F\q=z=o- 

(hs) TT o i is homotopically stable. 

(is) n o i is infinitesimally stable. 

(a) For any function germ f on ( J^(R", M), 0), there exists a fiber preserving function germ 
Hon {J\W,R),0) such that f oi = H oi. 
(s) TT o i is stable. 

We shall prove the assertion (u)<;=>(s) by a simpler way than that of [10] in Section [T3l 
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Part IV 

Generiticies of reticular Lagrangian, 
Legendrian maps 

11 Finitely determinacy of reticular Lagrangian, Leg- 
endrian maps 

Definition 11.1 Let tx o i : (L, 0) — > (T*]R",0) (]R",0) be a reticular Lagrangian map 
and / be a non-negative number. We say that tt o i is /-determined if the following condi- 
tion holds: For any extension S oi the reticular Lagrangian map tt o S"|l and tt o i are 
Lagrangian equivalent for any symplectic diffeomorphism germ S' on (T*M", 0) satisfying 
/5(0)=/y(0). 

Lemma 11.2 Let n o i : (L, 0) — > (T*R",0) (]R",0) be a reticular Lagrangian map. Let 
Si, S2 are symplectic diffeomorphism germ on (T*]R",0) such that Si\i^ = S'2|l = i- Then 
there exists a reticular diffeomorphism germ cf) such that Si = S2 o (p- 

Proof. Set = (52)"^ o Si. Then we have that 0|l = id and Si = S2 o (p ■ 
By this lemma we have that the finitely determinacy of reticular Lagrangian maps do 
not depend on choices of extensions of their reticular Lagrangian embeddings. 

Theorem 11.3 Let ir o i : (L, 0) ^ (T*R",0) (M", 0) be a reticular Lagrangian map. If 
11 oi is infinitesimally stable then n o i is {n + 1) -determined. 

Proof. Let S be an extension of i. Since the infinitesimally stability of reticular Lagrangian 
maps is invariant under Lagrangian equivalences, we may assume that the canonical relation 
Ps associated with S has the form: 

f)J-f f)M 
Ps = {{Q, -QQiQ^P)^ -^{Q,P),P) e (T*M" X T*M", (0, 0))} 

for some function germ G 9Jl(2n)^. Then g) = Ho{x,y) + {y,q) E dyt{r;n+ny 

is a generating family of vroi, where ILo{x, y) = IL{xi, . . . ,Xr,0, . . . ,0,yi, . . . , yn) G 3Jt(r; n)^. 
Since vroz is infinitesimally stable, it follows that F is a reticular P-T^^-infinitesimally versal 
unfolding of Hq{x, y) by Theorem 17.11 This means that £{r] n)/ {x^^, ^^)e{r;n) is at most 
(n + l)-dimension. It follows that 



Therefore we have that 



dx ' dy 



m{r- c m{r- n){{x^) + 9Jt(r; n)(^)). 

ox oy 

This means that ILq is reticular lZ-{n + 2)-determined by Lemma 13.11 Let a symplectic 
diffeomorphism germ S' on (T*M", 0) satisfying j""'"^S'(0) = j"+^S"(0) be given. Since 
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^(0) = ^(0), it follows that there exists a function germ H'{Q,p) e m{2n)^ such 
that 

Then the function germ G{x, y, q) := Hq{x, y) + (|/, q) G OJl(r; n + n)^ is a generating family 
of TT o S'\u where H'^ix^y) = H'{x,0,y) E m{r;nf. Since r+^S{0) = r+^S'{0), it means 
that j"+^||(0) = j"+^^(0), j"+^||(0) = ^^^+^^(0). Therefore we have that r+^H{0) = 
j"+2i/'(0) and hence r+^Ho{0) = j"+2i7^(0). Thus there exists <^{x,y) e 8{r;n) such that 
Hq = H'q o $. We set G'{x,y,q) := ^(^(x, y), g) G 27l(r;n + n)^. Then G and G' are 
reticular P-T^-equivalent, and F and G' are reticular "P-T^^-infinitesimal versal unfol dings of 
Hq{x, y). It follows that F and G are reticular "P-T^-^-equivalent. Therefore it oi and vr o S"|l 
are Lagrangian equivalent. ■ 

We consider contact diffeomorphism germs on ( J^(M", M), 0). Let {Q, Z, P) be canonical 
coordinates on the source space and {q,z,p) be canonical coordinates of the target space. 
We define the following notations: 

I : {J\W, M) n {Z = 0}, 0) ( J^M", M), 0) be the inclusion map on the source space. 

C(J^(M",M),0) = {C : (J^(M",M),0) ^ (J^(M", M), 0)|C : contact diffeomorphism} 

G%J\W, M), 0) = {C e C(J^(M", M), 0)1 G preserves the canonical 1-form } 

GziJ\W,M.),0) = {Got\G eG{J\W\R),0)} 

C|(ji(M",M),0) = {Goi\G eG%j\W',R),0)}. 



Definition 11.4 Let vroi : (L, 0) (JHM",M),0) (M" x M, 0) be a reticular Legendrian 
map. We say that vr o i is /-determined if the following condition holds: For any extension 
G e C(J^(R'',M),0) of i, the reticular Legendrian map vr o G'\i and n o i are Legendrian 
equivalent for G' G C( J^(M", R), 0) satisfying j'C(O) = j'C"(0). 

Lemma 11.5 (cf., [TOl p. 116 Lemma 7.2]) Let {Lo-}o-c/,. be a contact regular r- cubic config- 
uration m {J^{W,R),0) defined by G E G{J^{R''\R),0). Then there exists G' E C^(Ji(M", 
R),0) that also defines {Lg-jo-c/r- 

By Lemma 111.51 we may consider the following other definition of finitely determinacy of 
reticular Legendrian maps: 

(1) The definition given by replacing C( J^(M", R), 0) to /^(R'', R), 0). 

(2) The definition given by replacing C( J^(R", R), 0) to GziJ^iR'',R),0). 

(3) The definition given by replacing C( Ji(R", R), 0) to C|( J^(R", R), 0). 
Then the following holds: 

Proposition 11.6 Letnoi : (L, 0) (J^(R",R),0) (R"xR,0) be a reticular Legendrian 
map. Then 

(A) IfTToi is l-determined of the original definition, then vf oi is l-determined of the definition 
(!)• 

(B) If TT oi is l-determined of the definition (1), then tt o i is l-determined of the definition 
(3). 
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(C) IfiToi is l-determined of the definition (3), then iroi is {I + 1)- determined of the definition 
(2). 

(D) If TT o i is l-determined of the definition (2), then n o i is l-determined of the original 
definition. 

Proof (A) Let C G Ji(M", M), 0) be an extension of i. Let C G Ji(M", M), 0) satis- 
fying j'C(O) = fC'{0) be given. Since C,C' G C( Ji(M", M), 0), we have that n o C'\i and 
n o i are Legendrian equivalent. 

(B) Let C e C|(Ji(M",M),0) be an extension of i. Let C G C|( Ji(M", M), 0) satisfy- 
ing j'C(O) = fC'{0) be given. We define G Ji(M", M), 0) by Ci{Q,Z,P) : = 
iqciQ,P),Z + zc{Q,P),PciQ,P)).C[iQ,Z,P) := iqciQ,P),Z + zdQ, P),Pa{Q, P))- 
Then Ci is an extension of i and we have that j'Ci(O) = j'C{(0). Therefore we have 
that TT o C(|£ = vf o C'\i and tt o i are Legendrian equivalent. 

(D) Let C G C(Ji(M'^,R),0) be an extension of i. Let C G C( Ji(M", M), 0) satisfying 
j'C(O) = j'C'(O) be given. We set Ci := C|z=o,C( := C'\z=o e Cz( J^(M", M), 0) and we 
have that fCi{0) = fC[{0). Therefore noC[\i = noC'\i and iroi are Legendrian equivalent. 

(C) Let C G CziJ\W,^),0) be an extension of i. Let C G Cz( M), 0) satisfying 
j'+iC'(0) = j'+^C"(0) be given. Then there exist function germs f iQ, P), g{<Q, P) G ^(2ra) 
such that C*((i2; — pdq) = —fPdQ,C*{dz — pdq) = —gPdQ. Indeed / is defined by 
that fPj = — 1^ ~^ Pc^' j ~ ^^---ifi. We define the diffeomorphism germs 

on (Ji(M",M) n{Z = 0}'o) by 0(Q,P) = {Q, fP),ij{Q, P) = {Q,gP). We set Ci := 
Co0-i,C{ := C'oV^-i G C|(Ji(M",R),0) Then jV(0) and jV(0) depend only onj^+^C{0), 
therefore we have that j'Ci(O) = j'C((0). Since noi and vf oCi|£ are Legendrian equivalent, 
it follows that tt o Ci|l and tt o C[\i are Legendrian equivalent. Therefore we have that n oi 
and TT o C'Il are Legendrian equivalent. ■ 

Theorem 11.7 Let n o i : (L, 0) ^ ( J^(]R", R), 0) ^ (R" x R, 0) be a reticular Legendrian 
map. If TT o i is infinitesimally stable then tx oi is {n + 3) -determined. 

Proof. It is enough to prove vf o i is (n + 2)-determined of Definition 111.41 (3) and this is 
proved by an analogous method of Theorem 111.31 We write a sketch of the proof. Let 
C G Cf ( J"'^(R", R), 0) be an extension of i. Then we may assume that Pc has the form 

f)JL flFf rlT-f 

Pc = m -QQiQ^P)-^ H{Q,p) - {^{Q,p),p), -^(Q,p),p)} 

for some function germ H{Q,p) G 07l(2n)^. Then F{x,y,q, z) = Hq^x^u) + {y,q) — z G 
9Jl(r; n + n + 1) is a generating family of tt o where HQ{x,y) = H{x,0,y) G 9Jl(r;n)^. 
Then F is a reticular P-/C-infinitesimally stable unfolding of IlQ{x,y). It follows that Hq is 
reticular IC-{n + 2)-determined. Let C G C|(Ji(R", R), 0) satisfying j"+2C(0) = j"+2C"(0) 
be given. There exists a function germ II'{Q,p) G 97l(2?i) such that 

pjij' f)fJ' f)M' 

Pc = {{Q,-^{Q,py,H'{Q,p) - {^{Q,p),p),-^{Q,p),p)}. 

Since H = z — qp on Pq and H' = z — qp on Pq', we have that j""'"^ifo(0) = 11^(0) , where 
IIq{x, y) = H'{x, 0, y) G 07l(r; n)^. The function germ G{x, y, q, z) = H^^x, y) + {y,q) — z E 
97l(r; n + n + 1) is a generating family of vr o C"|l- Then there exist y) G E{r\ n) and an 
unit a G £{r; n) such that Hq = a ■ Hq o ^. We set G'{x, y, q, z) = a{x, y)G{^{x, y), q, z) G 
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dJt{r;n + n + 1). Then G and G' are reticular "P-ZC-equivalent and F and G' are reticular 
P-A^-infinitesimal stable unfoldings of Ho{x,y). It follows that F and G are reticular V-)C- 
equivalent. Therefore w o i and tt o C'\i are Legendrian equivalent. ■ 

In order to prove Theorem 112.51 and Theorem 113.41 we require the following lemmas: 

Lemma 11.8 (cf., [2l p. 53 Lemma 4.6]) Let V, W be smooth manifolds with Q a submanifold 
of W , F be a topological space. We equip C°°{V,W) with the Whitney C°°-topology. Let 
i : F C°°(V, W) be a map {not necessary continuous). We suppose that: For each f & F, 
there exist a manifold E, Cq G E, and a continuous map (p : E ^ F, 0(eo) = / such that the 
map ^ : E X V W, <l>(e,x) = j(0(e))(x), is smooth and transversal to Q. Then the set 

T = {f E F I is transversal to Q} 

is dense in F. 

Lemma 11.9 Let V, W be smooth manifolds with Q a submanifold ofW, and K d Q be a 
compact set. Then the set 

Tk = {f e C°^{V, W) I ff IS transversal to Q on K} 

is open in C°°{V,W) with Whitney C'''^^ -topology [hence Whitney C°° -topology) . 



12 Genericity of reticular Lagrangian maps 

Let J'(2n, 2n) be the set of /-jets of map germs from (T*R'', 0) to (T*M", 0) and S^{n) be 
the Lie group in J\2n, 2n) consists of /-jets of symplectic diffeomorphism germs on (T*M'^, 0). 

We consider the Lie group L\2n) x L\2n) acts on J\2n.,2n) as coordinate changes of 
the source and target spaces. We also consider the Lie subgroup rLa\n) of L\2n) x L\2n) 
consists of /-jets of reticular diffeomorphisms on the source space and /-jets of Lagrangian 
equivalences of vr: 

rLa\n) = {(jV(0), /e(0)) G L\2n) x L\2n) \ (j) is a reticular diffeomorphism on 

(T*M", 0), 6 is a Lagrangian equivalence of vr}. 

The group rLa\n) acts on J'(2n, 2n) and S\n) is invariant under this action. Let S be 
a symplectic diffeomorphism germ on (T*M",0) and set z = j''S{0). We denote the orbit 
rLa\n) ■ z by [z\. Then 

[z] = {j'5"(0) G S''{n) \ TT o i and tt o 5"|l are Lagrangian equivalent}. 

In this section we denote by Xf the Hamiltonian vector field on (T*M'", 0) for a function 
germ / on (T*M",0). That is 

^ dPjdqj dqjdpj ■ 

We denote by Vis the vector space consists of infinitesimal symplectic transformations 
of S and denote by VI^ the subspace of Vis consists of germs which vanishes on 0. We 
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denote by VLt*^" by the vector space consists of infinitesimal Lagrangian equivalences of vr 
and denote by VL^*^n by the subspace of VLx^Rri consists of germs which vanishes at 0. 

We denote by the vector space consists of infinitesimal reticular diffeomorphisms on 
(T*M", 0) which vanishes at 0: 

= {^e X{T*W, 0) I e is tangent to L° for all a C ^(0) = 0}. 

From now on, we denote by £'t*R" the ring of smooth function germs on (T*M", 0) and 
denote by 3JtT*R" its maximal ideal. We also denote other notations analogously. 

Lemma 12.1 (1) A vector field germ v on {T*'R"',0) along S is belongs to Vis if and only 
if there exists a function germ f on (T*R"', 0) such that v = Xj o S , 

(2) A vector field germ rj on (T*]R",0) is belongs to VLT*Rn if and only if there exists a fiber 
preserving function germ H on (T*]R", 0) such that rj = X^. 

(3) A vector field germ C, on (T*]R", 0) is belongs to if and only if there exists a function 
germ g E Bq such that ^ = Xg, where Bq = {qipi, . . . , qrPr)£T*w^ + OTIt'R" (^r+i, is a 
submodule of £t*K"- 

By this lemma we have that: 

Vjo = {v : (r*M", 0) ^ {T{T*W), Q)\v = X^oS ioi some / G QJI^.m-}. 

VL^,^n = {rj E X(T*]R", 0) | ?7 = X^ for some fiver preserving function germ H G SJl^.jgn}, 

= {ie X(T*M", 0) I e = ^9 for some g G B^}. 

We define the homomorphism tS : VI^ — » by tS{v) = S^v and define the homomor- 
phism wS : VLj.,^n — ^ VIg by wS{ri) = rj o S. 

Lemma 12.2 Let S be a symplectic diffeomorphism germ on (T*]R",0) and set z = j''S{0). 
Then 

T,{rLa\n) ■ z) = MtS{V^) + wS{VL't'^.)). 

We denote VIg the subspace of Vis consists of infinitesimal symplectic transformation 
germs of S whose /-jets are 0: 

Vl's = {v G Vis I fv{0) = 0}. 

We consider the surjective projection tt; : Vis Tz{S''{n)). Since {j''S)*{-£p) = 7ri(5'*^), 
= MS*^), it follows that j^S is transversal to [z] if and only if {/s),{To{T*M.^)) 
+Tz[z] = TzlS^n)) and this holds if and only if 

(7r/)"'((j'5).(To(T*M")) + tSiV^) + wS{VL^t*r-)) + ^4+^ = Vis 

and this holds if and only if 

tS{V^) + wSiVLT'^n)) + Vl't = Vis. 
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Let A^, M be 2n dimensional symplectic manifolds. We denote S{N, M) the space of 
symplectic embeddings from to M with the topology induced from the Whitney C°°- 
topology of C°°(iV, M). We define that 

fs{N,M) = {j'S{u,)eJ\N,M) I 

S : {N, uq) — > M is a symplectic embedding germ, uq G N}. 



Proposition 12.3 ^(A^, M) is a Baire space. 

This is proved by an analogous method of the assertion that C°°(iV, M) is a Baire space (cf., 
[21 p. 44 Proposition 3.3]). 

Theorem 12.4 (Symplectic transversality theorem) LetN,M be2n dimensional sym- 
plectic manifolds. Let Qj,j = 1,2,... be submanifolds of Js{N, M). Then the set 

T = {S e S{N, M) I i^S IS transversal to Qj for all j e N} 

is residual set in S{N, M). In particular T is dense. 

Proof We apply for Lemma [UHl that V = N,W = 4(iV, M), and F = S{N, M). We reduce 
our assertion to local situations by choosing a countable covering of Qj by sufficiently small 
compact sets Kj^^s. Then the sets Tj ^ = {S & S{N, M) \ fS is transversal to Qj at Kj i^} 
are open set by Lemma 111.81 and we have that T = flTj ^ We fix a symplectic embedding 
5* G >S'(A^, M). For each uq E N there exist local symplectic coordinate systems of N around 
Uq and M around S{uo) such that S is given by (g,p) ^ {(l,p) around 0. 

For each j, k we take Ehj a. sufficiently small neighborhood of in P{2n, 1; Z + l) and take 
a smooth function p : T*]R" [0,1] such that p is 1 on a neighborhood of and zero outside 
a compact set, where P{2n, 1; / + 1) is the set of not higher than (/ + l)-degree polynomials 
on 2n variables. 

For each H E E we define H'{Q,p) = p{Q,p)H{Q,p) — {Q,p) and ipwiQiV) = {Qy 
-%{Q,P)) for {Q,P) e T*W around 0. Then there exists a neighbourhood f/ of in T*R'' 
such that ipH' is a embedding on U and equal to the identity map outside a compact set 
for any H E E. Therefore there exists a neighbourhood U' of in T*M" such that the map 
E C°°{U' ,U), H I— »• {ijjH^)]^ is well defined and continuous. Each {'ijjff^)\u' is equal the 
identity map outside a compact set around 0. We set that 

4>{H){Q,P) = (-^(Q,p),p)o{ijH')-\Q,P) for {Q,P) e U'. 

Then 0(-ff) is a symplectic diffeomorphism around Uq which has the canonical relation with 
the generating function H'{Q,p) and equal to S outside a compact set. It follows that 
the source space of (p{H) may be extended naturally to E x N. We also denote this by 
(j)H e S{N,M). Then the map 

$ : E X iV ^ fs{N,M),^H,q,p)=j\^H){q,p) 

is a submersion around (0, uq) Therefore $ is transversal to Kj ^.. So we have the result. ■ 

For S G S{U,T*W^) we define the continuous map j^S : U S''{n) by w to the /-jet of 
Sw at 0. We remark that j''Sw{0) has the form j'-Sw{0) = {w, S{w),jQSw{0)). 



18 



Theorem 12.5 Let U be a neighborhood ofO in T*R", and let Qi,Q2, ■ ■ ■ are submanifolds 
of S\n). Then the set Lu = {{<l,p) G U\q = pi = ■ ■ ■ = Pr = 0} and 

T = {S E S{U, T*W^')\jQS is transversal to Qj on Ljj for all j} 

is a residual set in S{U,T*W^). 

Proof We set Q'^ = Lu x T*M" x Qj c r*M"). We choose a countable covering of Q'^ 

by sufficiently small compact sets Kj^^'s for all j. We apply N = V,M = T*M" for Theorem 
[T^ We have that 

T = {S e S{U,T*W')\]^S is transversal to Q'^ on Kj^k for all j, k}. 

It follows that T is a residual set in S{U, T*W). ■ 

Theorem 12.6 Let tx o i : (L, 0) (T*R", 0) (M", 0) be a reticular Lagrangian map. 
Let S be an extension of i and I > n + 1. Let B = (giPi, . . . , qrPr, Qr+i, ■ ■ ■ , (ln)sT*w^ 
submodule of £t*«^ ■ Then the followings are equivalent: 
(s) TT o z is stable. 

(t) JqS is transversal to [jo'S'(O)] at 0. 

(a') £^T*R"/(-B + 9?t^^„) is generated by l,pi o S, . . . ,pn o S as £g-module via ir o S. 
(a") St-'r^/B is generated by l,pi o S, . . . ,pn o S as Sq-module via ir o S . 
(is) IT o i is infinitesimally stable. 

Proof, (s)^(t). Let S G S'(f/, T*M") be a representative of S. By theorem 112.51 there 
exists a symplectic embedding S' around S such that JqS' is transversal to [jo'S'(O)] at w = 
(0, . . . , 0,Pr+i, ■ ■ ■ ,Pn) £ U- Since vroi is stable, noi and vro S'(„|l are Lagrangian equivalent. 
This means that [jo'S'(„(0)] = bo'^(O)] hence j^S is transversal to [jo'S'(O)] at 0. 
(t)-v^(a'). By Lemma ri2.lt we have that the condition (t) is equivalent to the condition: For 
any function germ / on (T*]R", 0), there exist a fiber preserving function germ H on (T*M", 0) 
and a function germ g E B such that 7ii{Xf o S) = Tii{S^Xg + Xh o S). This is equivalent to 
the condition: For any function germ / on (T*]R"', 0), there exist a fiber preserving function 
germ H on (T*M", 0) and a function germ g E B such that foS — g — HoS G dyi'jt\„. 
This is equivalent to the condition: For any function germ / on (T*M'",0), there exist a 
fiber preserving function germ H on (T*M", 0) such that f — HoSeB + dit^^^n. This is 
equivalent to (a'). 

(a')-v^(a"). We need only to prove (a')^(a"). By Margrange preparation theorem, the 
condition (a') is equivalent that £t*r"/ ((tt o S)*dJtM.^i£T*M.^ + B + dJt'jt^n) is generated by 
l,Pi o S, . . . ,Pn o S over M. This means that 

07l^t]^„ C (tt o Sym^nSr^^n + B + 
Since 071^4" ^ 9^t^R" ' follows that 

m'^t^^ c (tt o symRnSr-Rr. + b + 

Therefore we have that 

dJV}^t^„ c (tt o symRnST^R^ + b. 

This means (a"). 

(a")<S=^(is). The condition (a") is equivalent to the condition (a) in Theorem 110.11 and this is 
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equivalent to (is). 

(t)&(is)=^(s). Since j^S is transversal to [jo5'(0)], it follows that there exists a representative 
S G S{U, T*M"') of S and a neighbourhood Wg of S such that for any S' G Wg there exists 
w E U such that j^S' is transversal to [jo'S'(O)] at w. Since jo'S'^(O) G [jo5'(0)], it follows 
that there exists a symplectic embedding germ S" on (T*M", 0) such that tt oi and vr o S"'|l 
is Lagrangian equivalent and Jo^"(0) = Jo^;(0). Since vr o 2 is infinitesimally stable, it 
follows that vr o z is /-determined by Theorem 111.31 Therefore we have that n o S"\i^ is also 
/-determined. It follows that tt o ^''II and vr o is Lagrangian equivalent. This means 
that vr o i is stable. ■ 

Let S* be a symplectic diffeomorphism germ on (T*]R"',0), F{x,y,q) G 93T(r; /c + n)^, 
and f{x,y) G DJl{r;k)^. We denote [S], [F], [f] by the equivalence classes of S,F,f under 
the Lagrangian equivalence, the stably reticular P-T^^-equivalence, and the stably reticular 
7?.-equivalence respectively. Then the following holds: 

Lemma 12.7 Letnoij : (L, 0) (T*M'",0) — ^ (M",0) be a stable reticular Lagrangian map 
with a generating family Fj{x, y, q) G njt(r; kj + n)"^, and Sj be an extension ofij for j = 1,2. 
Then [Si] = [S2] if and only if [Fi] = [F2] and this holds if and only if [Fi|g=o] = [-^2|(?=o]- 

Proof. [Si] = [S2] if and only if reticular Lagrangian maps n o ii and vr o ^2 are Lagrangian 
equivalent by Lemma [11.21 and this holds if and only if [Fi] = [F2] by Theorem 16.2( 3). and 
if this holds then [Fil^^o] = [-^2|g=o]- Conversely suppose that [Fi|g=o] = [-^2|g=o]- Since Fi 
and F2 are reticular P-7^+-stable unfoldings of [Fi|g=o] and [F2|q=o] respectively and Fi\g=Q 
and F2\q=o are stably reticular 7?.-equivalent. it follows that [Fi] = [F2]. M 



Corollary 12.8 Let n o i : (L, 0) -> (T*R",0) -> (]R",0) be^a stable reticular Lagrangian 
map. Then there exist a neighborhood U of Q in T*]R" and S G S{U,T*W^) with i = Sq\i^ 
( that is, S is a representative of a extension of i) such that reticular Lagrangian maps 
o S'^Il are stable for all w E U 

Proof. By Theorem 112.61 (a'), the stability of reticular Lagrangian maps are determined by 
the {n + l)-jets of vr o for w eU . Therefore we have the result by shrinking U if necessary. 
■ 

Let vr o z : (L, 0) (T*M", 0) (M", 0) be a stable reticular Lagrangian map. We 
say that vr o z is simple if there exist a neighborhood U of in T*W^ and S G S{U,T*W^) 
such that i = 6*0 |l and {S^ulw G U} is covered by finite orbits [^i], . . . , [Sm] for symplectic 
diffeomorphism germs 5*1, . . . , 5*^ on (T*M", 0). 

Lemma 12.9 Let vroi : (L, 0) (T*M",0) — >■ (M",0) be a stable reticular Lagrangian map. 
Then tx o i is simple if and only if there exist a neighborhood Uz of z = jQ^^S{Qi) in S^^^{n) 
and Zi, . . . , Zm G S"'~^^{n) such that Uz C [-^i] U ■ ■ ■ U [^m] . 

Proof. Suppose that vr o i is simple. Then there exists a representative S : U ^ T*M" of an 
extension of i and symplectic diffeomorphism germs [Si\, . . . , [Sm\ on (T*M", 0) such that 

{S^\weU}(i[Si]vj---vj[Sm]. (1) 

Since vr o i is stable, it follows that Jq^'^S is transversal to [z] at by Theorem 17.11 This 
means that there exists a neighbourhood Uz of z in S\n) such that Uz C U^g(/[jo+^^(w)]. 
It follows that Uz C [j"+i^i(0)] U ■ ■ ■ U [f+^S^{Q)]. 
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Conversely suppose that there exist a neighbourhood Uz of z in S"~^^{n) and zi, . . . , Zm G 
S'"+^(n) such that Uz C [-^i] U ■ ■ ■ U [zm]- Since the map jo~^^S : U S"'~^^{n) is continuous, 
there exists a neighbourhood U' of in t/ such that jQ~^^S{w) G for any w G f/'. Then 
we have that l-iw£U'jo~^^ S{w) C [zi] U ■ ■ ■ U [zm]- Choose symplectic diffeomorphism germs 
Si,...,Sm on (r*M", 0) such that j"+^S'j(0) = for j = 1, . . . , m. By Corollary TIB, we 
may assume that each vroS'jiL is stable, therefore (n+l)-determined. For any w G f/' we have 
that there exists j G {1, . . . , m} such that j'o'''"^>S'«,(0) G [j""'"^5'j(0)]. It follows that reticular 
Lagrangian maps vr o S^Il and vr o Sj\i^ are Lagrangian equivalent. Therefore S^u G [S^]. We 
have (H]). ■ 

Lemma 12.10 ^4 stable reticular Lagrangian map n o i is simple if and only if for a gen- 
erating family F{x, y, q) G OJt(r; k + ra)^ o/vr o t/ie function germ F{x, y, 0) G 9Jl(r; /c)^ 
TZ-simple singularity. 

Proof. Let 5* be an extension of i and 5* G ^(f/, T*M") be a representative of 5* 

Suppose that y, 0) is 7?.-simple. The simplicity of reticular Lagrangian maps is 
invariant under Lagrangian equivalences, we may assume that the map germ (Q, P) i— > {Q,po 
S{Q,P)) is a diffeomorphism germ on (R^",0). We consider a symplectic diffeomorphism 
germ S^, on (M^", 0) for w & U near 0. Then there exists a function germ Huj{Q,p) G DJl{2n)'^ 
such that the canonical relation P^ associated with has the form: 

f)M f)]-f 

= {(Q, W.P). e (r*R" X T*M", (0, 0))}. 

Then the function germ F^(a:, y, q) = H'^{x, y) + {y, q) G 3Jl(r; ra+n)^ is a generating family of 
TT o S^Il, where iJ^ G 3n(r; ra)^ is defined by H'^{x, y) = H^^^x, 0, y). Since Fq is a generating 
family of tt o i, we have that Fo(x, 0)(= HQ{x,y)) is stably 7^-equivalent to y,0). 
Therefore we have that Hq is 7?.-simple. Then there exists fi, . . . , fm G DJl{r;n) and a 
neighbourhood V of j"+2i7^(0) in J"+2(^ + n, 1) such that V C [j"+Vi(0)] U ■ ■ -U [j"+Vm(0)]. 

Since the (n + 2)-jet of Hg is determined by the (n + l)-jet of S, there exists a neigh- 
bourhood U' of in ?7 such that the map germ 

U' ^ r+\r + n, 1), w ^ r^^H'JO) 

is well defined and continuous. 

Let U" be the inverse image of V by the above map. Then for any w G U" the reticular 
Lagrangian map it o Siu\h has a generating family which is reticular P-7?.~^-equivalent to 
fj (x, y) + {y, q) G 9Jt(r; n + n)^ for some j because vr o S'„, |l is stable by Corollary 112.81 and 
hence (n + l)-determined. It follow that {Su]\w G U"} C [5*1] U ■ ■ ■ U [S'm], where Sj is an 
extension of a reticular Lagrangian embedding which defines a reticular Lagrangian map 
with the generating family y) + (y, g) G 97l(r; n + n)^. This means that vr o i is simple. 

Conversely suppose that vr o i is simple. Let Sq be an extension of i. we may assume 
that there exists a function germ Hq{Q,p) G 971(2?t,)^ such that the canonical relation P^^ 
associated with 5*0 has the form: 

f)}-f f)}-f 

Pso = {{Q,-^{Q,p),-^{Q,p),p) G (T*M" X T*M^(0,0))}. 

This means that for a function germ H around Hq there exists a symplectic diffeomorphism 
germ Sh on (T*M"',0) with the canonical relation Ps^^ which has the form same as Pg^. 
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Then the (n + l)-jet of Sh is determined by the (n + 2)-jet of H. The function germ 
Hq{x, 0, y) + {y, q) G 93T(r; n+n)^ is a generating family of vroi, where iJg G Tl{r; n)^ is defined 
by Hq{x, y) = Ho{x, 0, y). Then there exists a quadratic form T((5r+i, • • • , Qn,Pi, ■ ■ ■ ,Pn) 
such that the function germ Hq{Q,p) = Hq{Qi, . . . , Qr,p) + T{Qr+i, . . . , Qn,p) also defined 
the symplectic diffeomorphism iS*//^'. Then we have that Tfo Sh'^^Il = vroi. Therefore we may 
assume that = Hq 

We have that Hq is stably reticular 7^-equivalent to F{x,y,0). Therefore we need only 
to prove that Hq is a simple singularity. 

There exists a neighbourhood V of j""'"^iirg(0) such that the map 

V ^ j"+2iJ'(0) ^ jt'SHiO), 

where H{Q,p) = H'{Qi, . . . , Qr,p) + T{Qr+i, . . . , Qn,p) is well defined and continuous. 

Since vr o i is simple, there exist finite symplectic diffeomorphism germs Si, ... , Sm on 
(T*M", 0) and a neighbourhood oi z = j"+^^o(0) in S'^+^n) such that C [^i]U- ■ ■U[^^] 
Let V be the inverse image of Uz by the above map. Then we have that V C [zi] U ■ ■ ■ U [zm] , 
where Zj = j"+^-ffj(0) for a function germ H'j G £{r;n) such that j""'"^S'j(0) = j"+^S'i^^. (0). 
This means that Hq is simple. 

Theorem 12.11 Let r = 0,n < 5 or r = l,n < 3. Let U be a neighborhood of in 
T*M". Then there exists a residual set O C ^(f/, T*M") such that for any S* G O and 
w = {0, . . . ,Pr+i, ■ ■ ■ ,Pn) ^ U, the reticular Lagrangian map n o Sw\h is stable. 

In the case r = 0, < 5. A reticular Legendrian map n o Sw\h for any S E O and 
w E U has a generating family F which is a reticular "P-T^^-stable unfolding of one of 
A2, Af, Ai, Af, Aq, D^, D^, Dq, Eq, that is F is stably reticular P-T^^-equivalent to one of 
the following list: 

A2 : F{yi,qi) = yf + qiyi, 

^3 : Fivu qu q2) = ±yf + qiyj + ^22/1, 

A : F{yi, qi, ga, gs) = yf + qwl + ^22/? + gsZ/i, 

■ ^(i/i' ^2, gs, 94) = ±^1 + qiyi + g2i/? + gsi/? + '?42/i, 
: gi, ga, gs, ^4, gs) = z/I + giz/f + qiyf + gsz/? + g4y? + gsyi, 
-D^ : z/2, gi, g2, gs) = yly2 ± ?/f + gii/i + g2i/2 + gsz/i, 

: 2/2, gi, g2, gs, 54) = yly2 ± ?/2 + ?i?/2 + 922/2 + 932/2 + 942/1, 

Dt ■ F{yi, 2/2, gi, g2, gs, 94, 95) = 2/?2/2 ± 2/2 + 9i2/| + 922/f + 9s2/2 + 942/2 + 952/i, 
: ^(2/1, 2/2, 9i, 92, 93, 94, 95) = 2/? ± 2/| + 9i2/i2/2 + 922/i2/2 + 932/1 + 942/i + 952/2- 

In the case r = 1, n < 3. A reticular Legendrian map vr o S'^Il for any S E O and w E U 
has a generating family which is a 'P-7^"'"-stable unfolding of one of 5^, S^, C^, C^, F^, 
that is F is stably reticular P-7?."^-equivalent to one of the following list: 

Bf : F{x, gi) = ±x^ + qix, 

Bf : F{x, gi, ga) = ±x^ + gix^ + gax, 

B^ : F{x, gi, ga, gs) = + gix^ + gax^ + gix, 

: F{x, y, gi, ga) = ±xy + y^ + gi2/^ + g22/, 

: F(a;, y, gi, ga, gs) = ±xy + y'^ + qiy^ + ga2/^ + gs2/, 
F^ : I/, gi, ga, gs) = + 2/^ + 9ia^2/ + 92^; + gs2/- 

Proof We need only to prove the case r = 1, n < 3. Let Fx{x, y, q) G 9Jt(r; k + n)^ be a 
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reticular 'P-T^'^-stable unfolding of singularity X G dJt{r; k)^ for 

Y D± Ty± ry± 77± 

A — ) -D3 , , O3 , O4 , . 

Then other unfoldings are not stable since other singularities have reticular 7?."'~-codimension 
> 3. We choose stable reticular Lagrangian maps it oix : (L, 0) — > (T*M", 0) — (M", 0) with 
generating family Fx and Sx be and extension of ix for above list. We set Lu = {iq,p) € 
U\q = Pi = 0} and define that 

O' = {S e S{U, T*M") I j^+i^ is transversal to [j"+^^x(0)] on Lu for all X}. 

Then O' is a residual set. We set 

Y = {j"+^^(0) e I the codimension of [j"+^5(0)] > 2n}. 

Then Y is an algebraic set in S^~^^{n) by Theorem 112.61 (a'). Therefore we can define that 

O" = {S e S{U,T*W) I j^+i^ is transversal to Y}. 

Then Y has codimension > 2n because all element in Y is adjacent to one of the above list 
which are simple. Then we have that 

o" = {s e s{u,T*w) I ji;+^s{u) n r = 0}. 

We define O = O' H O" . Then O has the required condition. 

In the case r = 0,ra < 5. Set X = A2, A^, A4, A^, Ag, L>J , L>^, and Y = 
{j"'~^^S{0) G S'^~^^{n) I the codimension of [j""''^5'(0)] > 2n}. Then we have that the codi- 
mension of Y in S'^'^^ (n) is higher than 2n and the assertion is proved by the parallel method 
of the above case. ■ 
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Figure 2: the caustic 




Figure 3: the caustics C 
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Figure 6: the caustics 



13 Genericity of reticular Legendrian maps 

Let J'(2n + l,2n + l) be the set of /-jets of map germs from (Ji(M",M),0) to (J^(M",M),0) 
and C\n) be the Lie group in J\2n + 1, 2r2 + 1) consists of Z-jets of contact diffeomorphism 
germs on (J-'^(M", M), 0). We consider the Lie subgroup rLe\n) of L'(2?7, + 1) x L'(2n + 1) 
consists of /-jets of reticular diffeomorphisms on the source space and /-jets of Legendrian 
equivalences of vr: 

rLe\n) = {(jV(0), j'e(O)) G L\2n + 1) x L^{2n + 1) | is a reticular 

diffeomorphism on ( J^(M", M), 0), 6 is a Legendrian equivalence of vr}. 

The group rLe\n) acts on J\2n + 1, 2r;, + 1) and C\n) is invariant under this action. Let 
C be a contact diffeomorphism germ on ( J^(M", M), 0) and set z = j'C(O). We denote the 
orbit rLe\n) ■ z by [z\. Then 

[z] = {j'C"(0) E C\n) I TT o 2 and tt o C'|£ are Legendrian equivalent}. 

In this section we denote by Xj the Contact Hamiltonian vector field on ( J^(M", M), 0) 
for a function germ / on ( J^(M", M), 0). That is 

We denote by Vic the vector space consists of infinitesimal contact transformation germs 
of C and denote by VIq the subspace of Vic consists of germs which vanish on 0. We 
denote by ^-/^ji(R",r) by the vector space consists of infinitesimal Legendrian equivalences 
on ( J-'^(M"', M), 0) and denote by VL^ji^-^^^-^ by the subspace of V^-/vji(Rn,R) consists of germs 
which vanish at 0. We denote by V^ the vector space consists of infinitesimal reticular 
diffeomorphisms on ( J^(R"', R), 0) which vanishes at 0: 

Vl = {^e X( ji(M", R), 0) I ^ is tangent to L° for all a C ^(0) = 0}. 
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Lemma 13.1 (1) A vector field germ v on ( J-^(M"', M), 0) along C is belongs to Vic if and 
only if there exists a function germ f on (J^(M"', M), 0) such that v = Xf o C , 

(2) A vector field germrj on ( J^(M", M), 0) is belongs to VLji(^^n^^-^ if and only if there exists 
a fiber preserving function germ H on ( J^(]R", M), 0) such that rj = Xh- 

(3) A vector field germ^ on (J^(M",M),0) is belongs to if and only if there exists a func- 
tion germ g e B'q such that ^ = Xg, where B'^ = {qipi, g^p^)^^^^^^ . . . , 
Qn, z) is a submodule o/i^ji(Rn,R) 

By this lemma we have that: 

VI^ = {v : (J^(M",R),0) ^ (T(J^(M",M)),0) \v = XfoCioT some / G 9?l^i(Mn,R)}, 

for some fiver preserving function germ H G 2)Iji(iRn r)}, 

^-0 = G X{J\W, R),0)\^ = Xg for some g G B'^}. 

We define the homomorphism tC : VI^ — > VI^ by tC{v) = C^v and define the homo- 
morphism wC : l^Lji^jg„ — > VIq by wCijf) = rj o C . 

We denote Vl\j the subspace of VIq consists of infinitesimal contact transformation 
germs of C whose /-jets are 0: 

Vi'c = {ve Vic I Mq) = 0}. 

We have that j^C is transversal to [z] if and only if 

tC{Vl) + u;C(l^Lji(Kn,i,))) + Vf^^ = Vic. 

Let A^, M be (2n + l)-dimensional contact manifolds. We denote C{N, M) the space of 
contact embeddings from N to M with the topology induced from the Whitney C°°-topology 
of C^{N, M) and define that 

Jc{N,M) = {fC{uo) G f{N,M)\C : (iV, %) ^ M is a contact embedding germ, uq G N}. 



Proposition 13.2 C{N,M) is a Baire space. 

Theorem 13.3 (Contact transversality theorem) Let N,M be {2n + 1)- dimensional 
contact manifolds. Let Qj,j = 1,2,... be submanifolds of Jc{N, M). Then the set 

T = {C e C{N, M) I j'C IS transversal to Qj for all j G N} 

is residual set in C{N, M). In particular T is dense. 
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Theorem 13.4 Let U be a neighborhood in J^iMP^M.), Qi,Q2,-- - are submanifolds of 
C\n). We define Lu = {{q, z,p) E U\q = z = pi = ■ ■ ■ = pr = 0} Then the set 

T = {C e C{U, J\W,R))\jqC is transversal to Qj on Lu for all j} 

IS a residual set m C{U, J\W,R)). 

We have the following theorem which is proved by a parallel method of Theorem 112.61 

Theorem 13.5 Let n o i : (L, 0) ( Ji(]R", M), 0) (M" x M, 0) be a reticular Legendrian 

map. Let C be an extension ofi and I > n+2. Let B' = {qiPi, . . . , qrPr, Qr+i, ■ ■ ■ ,Qn, ^)£ji^^„ 

be a submodule o/i^ji(Rn,R). Then the following s are equivalent: 

(s) TT o z is stable. 

(t) JqC is transversal to [jQC(O)]. 

(a') i^ji{R",R)/(-B' + 97l'j^^]g„ jgj) is generated by l,pi o C, . . . ,Pn o C as Sq^z-'module via n o C . 
(a") £^ji(Rn IS generated by l,pi o C, . . . ,pn o C as Eq^^-'module via n o C. 

(is) TT o i is infinitesimally stable. 

For C G C{U, J^(M",M)) we define the continuous map j^C : U C\n) by w to the 
/-jet of Cw 

Let vr o i : (L, 0) ^ (J^(M",M),0) (M" x M, 0) be a stable reticular Legendrian 
map. We say that vf o i is simple if there exists a representative C G C(f/, J^(M"', M)) of 
a extension of i such that {Cyj\w G f/} is covered by finite orbits [Ci], . . . , [C^] for some 
contact diffeomorphism germs Ci, . . . , Cm on ( J^(M'", M), 0). 

By an analogous way of Lemma 112.91 Lemma 112.101 and Theorem 112.111 we have the 
followings: 

Lemma 13.6 Let tt o i : (L, 0) {J^{W,R),0) {W x M, 0) be a stable reticular Legen- 
drian map. Then Hoi is simple if and only if there exist a neighbourhood Uz of z = Jq^^C^O) 
m C"+3(n) and zi, . . . , Zm e C"+3(n) such that Uz C [zi] U ■ ■ ■ U [zm]- 

Lemma 13.7 A stable reticular Legendrian map noi is simple if and only if for a generating 
family F{x, y, q, z) G 5[)T(r; k + n+l) o/vf oz, F{x, y, 0, 0) G njt(r; k)"^ is IC-simple singularity. 

Theorem 13.8 Let r = 0,n < 6 or r = l,n < 4. Let U be a neighbourhood of in 
Ji(M",M). Then there exists a residual set O C C(f/, J^(M",]R)) such that for any C e O 
and 1/7 = (0, ... , 0,pr-+i, • • • iPn) £ U , the reticular Legendrian map n o Cw\i is stable. 

In the case r = 0,n < 6. A reticular Legendrian map vf o Cy^\i for any C G O 
and w E U has a generating family which is a reticular P-/C-stable unfolding of one of 
Ai, A2, A3, ^4, ^4, Ag, -D^, D5, Dq, Eq, that is F is stably reticular "P-ZC-equivalent to one of 
the following list: 

A2 : F{y,,z) =yl + z, 

A2 : F{yi, gi, z) =yl + qm + z, 

A3 ■■ F{yi, gi, ga, z) =yl + qiy^ + gaZ/i + z, 

A4 ■■ F{yi, gi, ga, gs) =yl + qiyf + q2yl + QsVi + z, 

A5 ■■ F{yi, gi, ga, gs, g4) = yf + qiyf + q2yf + Qsvl + QaVi + z, 

A : F{yi, gi, ga, gs, g4, gs, z) = yj + qiyf + q2yf + q^yf + q^yf + q^yi + z, 
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: F{yi, 1/2, gi, 52, ga, z) = yly2 ±yl + qwl + ^21/2 + qm + 2;, 
^5 : F{yi, 1/2, gi, g2, gs, ^4, 2:) = Z/?Z/2 + 1/| + qivl + ^21/2 + ^3l/2 + qm + 2, 

: F{yi, ?/2, gi, g2, gs, g4, g5, 2;) = yly2 ± ?/| + giyl + g2?/i + qzvl + g4i/2 + gsz/i + ^, 
^6 : F{yi,y2, gi, g2, gs, g4, gs, 2) = + y| + gil/iyi + g2Z/il/2 + g3Z/2 + ?4yi + g5y2 + z. 

In the case r = 1, n < 4. A reticular Legendrian map vroC'^l^ for any C* G O and w & U has 
a generating family which is a reticular P-/C-stable unfolding of one of 52,-63,-84, C^, C4, F4, 
that is F is stably reticular P-/C-equivalent to one of the following list: 

B2 : F{x, qi,z) = x'^ + qix + z, 
Bs : F{x, gi, g2, 2;) = + gix^ + g2X + z, 
B4 : F{x, gi, g2, gs, z) = x^ + qix^ + g2a;^ + qix + 2, 
: gi, g2, 2) = ±xy + + qiy^ + q2y + z, 

Ci : y, gi, g2, gs, z) = xy + y'^ + q^y^ + g2y2 + q^y + z, 
F4 : F{x, y, gi, g2, gs, z) = x'^ + y^ + qixy + q2X + q^y + z. 
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